
 

 

 
(30)   4.5   Summary of Graphical Methods(C) 

 

Example 9 44   December 21, 2008

       Let ݂(ݔ) = ݔ) + 3)ଶݔ    

  
   (a)  Find the intervals on which ݂ is increasing and the intervals on which  ݂ is  
          decreasing. Find the local extrema of  ݂, if any. 
 

   (b)  Find the intervals on which the graph of  ݂  is concave upward and the intervals on  
          which the graph of  ݂  is concave downward. Find the points of inflection, if any. 
 

   (c) Sketch the graph of ݂. 
 

 (10 pts.) 
Solution 

(a) ݂(ݔ) = ݔ) + 3)ଶݔ (ݔ)\݂   = ݔ  ∙ ݔ)2 + 3) − ݔ) + 3)ଶ(1) ݔଶ = ݔ)  + ݔ2)(3 − ݔ − ଶݔ(3  = ݔ)  + ݔ)(3 − ଶݔ(3  = ଶݔ  − ଶݔ9 (ݔ)\\݂    = (ݔ2)ଶݔ  − ଶݔ) − ସݔ(ݔ2)(9  = ଶݔ)ݔ2  − ଶݔ + ସݔ(9 = ସݔݔ18  =   ଷݔ18  
(a)          ݂\(ݔ)  = ݔ)  + ݔ)(3 − ଶݔ(3   
 ݂  ↗    on      (−∞, −3) ∪ (3, ∞) ݂   ↘   on        (−3 , 3 )/ሼ0ሽ 
 
(ݔ)\݂                = 0  
ݔ)               + ݔ)(3 − 3) = 0 
ݔ               =  ±  3 ݂(−3) = (−3 + 3)ଶ−3 = 0 ݂(3) = (3 + 3)ଶ3 = 363 = 12 
 
at  (−3 , 0 )  Maximum local extrema 
 at  (3 , 12 )  Minimum local extrema 
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(30)   4.5    Summary of Graphical Methods (C)                                                   P3 
 

 HOSSAM   GHANEM                     65168855حسام غانم                           

 

                          Let   ݂ሺݔሻ = ସݔ − ଶݔ6 + 2 . 
 
         (a)  Discuss the symmetry of the graph of   ݕ = ݂ሺݔሻ. 
 
         (b)  Find the intervals on which ݂ is increasing and the intervals on which ݂ is  
                decreasing. Find the local extrema of ݂, if any. 
 
         (c)  Find the intervals on which ݂ is concave upwards and the intervals on which ݂ is  
                concave downwards. Find the inflection points of  ݂, if any. 
 
         (d)  Find the absolute extrema of  ݂ on  ሾ−2 , 3 ሿ. 
 
         (e)  Sketch the graph of ݂.                                                                               (10 pts)   

Solution 
(a)          ݂ሺݔሻ = ସݔ − ଶݔ6 + 2       ݂ሺ−ݔሻ = ሺ−ݔସሻ − 6ሺ−ݔଶሻ + 2 = ସݔ  − ଶݔ6 + 2 =  ݂ሺݔሻ 
             ∴   The graph  of  ݂   ݅ݏ  symmetric  about    ݕ − axis 
(b) ݂\ሺݔሻ = ଷݔ4 − ݔ12  = ଶݔሺݔ4 −  3ሻ            = ݔ൫ݔ4 − √3൯൫ݔ + √3൯  ݂   ↘    on    ൫−∞, −√3൯ ∪ ൫0, √3൯ ݂   ↗     on  ൫−√3 , 0൯ ∪ ൫√3 , ∞൯ 
 ݂൫−√3൯ = ൫−√3൯ସ − 6൫−√3൯ଶ + 2                  = 9 − 18 + 2 = −7 ݂൫√3൯ = −7        ݂ሺ0ሻ = 2 
 
Maximum local extrema at  ሺ0,2ሻ  
Minimum local extrema at  ൫−√3,− 7൯  , ൫√3 , −7൯ 
 
(c)   ݂\\ሺݔሻ = ଶݔ12 −  12 = 12ሺݔଶ −  1ሻ = 12ሺݔ − 1ሻሺݔ + 1ሻ  
 The graph of   ݂   CU  on  ሺ−∞, −1ሻ ∪ ሺ1, ∞ሻ  The graph of  ݂   CD  on    ሺ−1 , 1 ሻ 
 ݂\\ሺݔሻ = 0  12ሺݔ − 1ሻሺݔ + 1ሻ = 0         → ݔ                   = ±1 ݂ሺ−1ሻ = ሺ−1ሻସ − 6ሺ−1ሻଶ + 2 = 1 − 6 + 2 = −3 ݂ሺ1ሻ = −3 inϐlection  point  at    ሺ−1, −3ሻ  , ሺ1, −3ሻ  
 
  

Example 10 45   10 May, 2009
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(30)   4.5    Summary of Graphical Methods (C)                                                   P5 
 

 HOSSAM   GHANEM                     65168855حسام غانم                           

 

 
    (a)  Find the vertical and horizontal asymptotes for the graph of ݂, if any. 
 

    (b)  Find the intervals on which ݂ is increasing and the intervals on which  ݂ is  
          decreasing. Find the local extrema of  ݂, if any. 
 

    (c)  Find the intervals on which the graph of  ݂  is concave upward and the intervals on  
          which the graph of  ݂  is concave downward. Find the points of inflection, if any. 
 

    (d) Sketch the graph of ݂. 
 
     (e)   Find the maximum and the minimum values of on ሾ 3 , 7 ሿ.                     (10 pts) 

Solution 
(a)      ܪ. lim௫→ஶ               :ܣ ݂ሺݔሻ =  lim௫→ஶ 4 − ݔሺ  ݔ − 2ሻଶ  = 0              lim௫→ିஶ ݂ሺݔሻ =  lim௫→ିஶ 4 − ݔሺ  ݔ − 2ሻଶ  = 0 ∴ ݕ = .ܪ          0 .ܸ       ܣ lim௫→ଶష              :ܣ ݂ሺݔሻ =  lim௫→ଶష  4 − ݔሺ  ݔ − 2ሻଶ  = ∞              lim௫→ଶశ ݂ሺݔሻ =  lim௫→ଶశ  4 − ݔሺ  ݔ − 2ሻଶ  = ∞ ∴ ݔ   = 2     ܸ.  ܣ
(b)      ݂ᇱሺݔሻ = ݔ  − 6ሺݔ − 2ሻଷ  ݂  ↗ , ∞−ሺ  ݊    2 ሻ ∪ ሺ 6 , ∞ ሻ ݂   ↘ , ሺ 2  ݊   6 ሻ  
 ݂ᇱሺݔሻ = ݔ 0 − 6 = 0              → ݔ       = 6 ݂ሺ6ሻ = 4 − 6  ሺ6 − 2ሻଶ = − 24ଶ = − 216 = − 18 Minimum  local extrema  at  ൬6, − 18൰ 
  

Example 11 46   August  1 , 2009

   Let ݂ሺݔሻ = 4 − ݔሺ  ݔ − 2ሻଶ .and given that ݂ᇱሺݔሻ = ݔ − 6ሺݔ − 2ሻଷ and ݂ᇱᇱሺݔሻ = 2ሺ8 − ݔሻሺݔ − 2ሻସ  

   2   6    ሺݔ − 2ሻଷ − + + 2 
ݔ    − 6 − − + 6 
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(30)   4.5    Summary of Graphical Methods (C)                                                   P7 
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Example 12 47    December  22,   2009
 

Let ݂ሺݔሻ = ଶݔ4 − ݔ8 + ଶݔ  8  

    (a)  Show that ݂ᇱᇱሺݔሻ = 16ሺ3 − ସݔሻݔ     

  
   (b)  Find the vertical and horizontal asymptotes of the graph of ݂, if any. 
 

   (c)  Find the intervals on which ݂ is increasing or decreasing and find the local extrema  
          of  ݂, if any. 
 

   (d)  Find the intervals on which the graph of  ݂  is concave up or  concave down and  
           find the points of inflection, if any. 
 

    (e) Sketch the graph of ݂.                                                                                   (9 Points )    
Solution 

(a)                 ݂ሺݔሻ = ଶݔ4 − ݔ8 + ଶݔ  8 = 4 − ݔ8  + ଶݔ8  =   4 − ଵିݔ8 + ሻݔଶ                ݂ᇱሺିݔ8 = ଶିݔ8  − ଷିݔ16   = ଶݔ8 − ଷݔ16  = ݔ8 − ଷݔ16 =  8ሺݔ − 2ሻݔଷ                                        ݂ᇱᇱሺݔሻ = ଷିݔ16− +  16ሺ3ሻ ିݔସ = ଷݔ16−  +  16ሺ3ሻݔସ   = ݔ16−   + 16ሺ3ሻ ݔସ =  16ሺ−ݔ + 3ሻݔସ =  16ሺ3 − ସݔሻݔ   
(b)      ܪ. lim௫→ஶ               :ܣ ݂ሺݔሻ =  lim௫→ஶ ଶݔ4 − ݔ8 + ଶݔ  8  = 4               lim௫→ିஶ ݂ሺݔሻ =  4 ∴ ݕ   = .ܪ          4 .ܸ        ܣ lim௫→ష             :ܣ ݂ሺݔሻ =  lim௫→ష ଶݔ4 − ݔ8 + ଶݔ  8  = ∞             lim௫→శ ݂ሺݔሻ =  lim௫→శ ଶݔ4 − ݔ8 + ଶݔ  8  = ∞ ∴ ݔ = 0        ܸ.  ܣ
(c)           ݂ᇱሺݔሻ =  8ሺݔ − 2ሻݔଷ  ݂   ↗ ,∞−ሺ  ݊   0ሻ ∪ ሺ2, ∞ሻ  ݂   ↘ , ሺ 0  ݊   2 ሻ   
 ݂ᇱሺݔሻ = ݔ 0 − 2 = 0                       → ݔ               = 2 ݂ሺ2ሻ = 4ሺ2ሻଶ − 8ሺ2ሻ + 8  ሺ2ሻଶ = 16 − 16 + 84 = 2 Minimum  local  extrema  ܽݐ  ሺ2, 2ሻ  
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(30)   4.5    Summary of Graphical Methods (C)                                                   P9 
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Homework 
 
1 30    May 15th, 2003
 

       Let ݂(ݔ) = ݔ)ݔ + 1)ଶ  

 
      a)   Find the vertical and horizontal asymptotes (if any). 
 

      b)   Show that ݂\(ݔ) = 1 − ݔ)ݔ + 1)ଷ . Find the intervals on which ݂ is increasing and  

            the intervals on which ݂ is decreasing and then find the local extrema of ݂ (if any). 
 

      c)   Given that ݂\\(ݔ) = ݔ) 2 − ݔ)(2 + 1)ସ  . Find the intervals on which the graph of ݂ is  

             concave upward and the intervals on which the graph of ݂ is concave downward.  
              Find the point of inflection (if any). 
 
      d)   Sketch the graph of ݂. 
 
2 31    July 31st , 2003
 

  Let ݂(ݔ) = ଶݔ3 − ଷݔ1 . 
 
   a) Find the vertical and horizontal asymptotes of ݂ (if any). 
 

    b) Show that ݂\(ݔ) = 3(1 − ସݔ(ଶݔ  Find the intervals on which ݂ is increasing 

and the intervals on which ݂ is decreasing and then find local extrema of ݂ (if any). 
 

   c) Given that ݂\\(ݔ) = ଶݔ) 6 − ହݔ(2  . Find the intervals on which the graph of ݂ is 

concave upward and the intervals on which the graph of ݂ is concave downward. 
Find the points of inflection (if any). 

 
   d) Discuss the symmetry of the graph of  ݂.     
 

         e) sketch the graph of ݂.  


